This paper concerns the triangular distribution and shows how to find the min and max extreme interval values and related statistics (mean, standard deviation, mode, and median) for a range of observation sizes, n. The extreme interval value, denoted as , represents a bound where the probability of any value less than is α. Tables and an application are provided.
INTRODUCTION
he min and max triangular extreme interval values and statistics: expected value, standard deviation, median, and mode are found for different observation sizes and probabilities α. An extreme interval value α is a bound where a specific percentage of the data is less than α . For example, given the probability , the extreme interval value is and 90% of the data is below . Jance's work Calculating Min and Max Extreme Interval Values for Various Distributions shows the min and max extreme interval values and statistics for different observation sizes for the normal, uniform, and exponential distributions.
In this paper an analysis of the min and max triangular extreme interval values and statistics is presented. In addition, it is shown how to find the min and max extreme interval values for different parameter values of a, b, and c provided that a < c < b. Finally, an application and tables of some of the min and max extreme interval values and statistics for different observation sizes are provided.
MIN AND MAX TRIANGULAR VALUES
The minimum (min) and maximum (max) values in a sample of n observations are selected. The n observations come from a continuous distribution with probability density function f(x) and cumulative distribution function F(x). The min observation value has a probability density function of and the max observation value has a probability density function of (Hines, Montgomery, Goldsman, and Borror 215).
A VBA application was written to find the min and max triangular extreme interval values and statistics for different observation sizes. The program first evaluates the min and max cumulative distribution function values for g values ranging from g = 0 to g = 1 in increments of 0.0001. Then interpolation is used to find the min and max triangular extreme interval values for a specific probability α. The program looks for the largest cumulative distribution function value below α and the smallest cumulative distribution function value above α. The extreme interval value α is found using the interpolation formula: MATLAB's Excel Link is used in conjunction with VBA to find the min and max expected values and standard deviations.
ANALYSIS
Tables 1 through 6 display some of the min and max triangular extreme interval values and statistics for different observation sizes and parameters a = 0, b = 1, and c = 0.10, 0.50, and 0.90. For example, in Table 1 the min extreme interval value is 0.02262 when n = 10, α = 0.05, and c = 0.10. In Table 4 the max extreme interval value is 0.51732 when n = 10, α = 0.05, and c = 0.10.
In Tables 1, 2 , and 3 one can see that the min extreme interval values and expected values are decreasing as the observation size increases. In Tables 4, 5, and 6 one can see that the max extreme interval values and expected values are increasing as the observation size increases.
In Table 1 the mode is 0.10 for n = 1 to n = 5 and then decreases as n increases. In Table 6 the mode is 0.90 for n = 1 to n = 5 and then increases as n increases. The mode decreases in Tables 2 and 3 Tables 4 and 5 as n gets larger. In the tables the min and max values are the same when n = 1. Note, the extreme interval value is also the median.
and increases in
In the tables the min and max standard deviations are decreasing as the observation size increases. Also, the min and max standard deviation values are the same in Tables 1 and 6, 2 and 5, and 3 and 4.
OTHER PARAMETER VALUES
A triangular variable with parameters a, b, and c (a < c < b) can be generated by using the following formula:
where x follows a triangular distribution with parameters a = 0, b = 1, and (Law and
Kelton 469). This information will be used to find the min and max triangular extreme interval values for different parameter values of a, b, and c provided that a < c < b.
First, the min and max extreme interval values α are determined for n, α, a = 0, b = 1, and . Then the equation α α is used to find the min and max extreme interval values for n, α, a, b, and c where a < c < b. The following example finds the min and max extreme interval values for n = 15, α = 0.95, a = 11, b = 21, and c = 20.
In Table 3 the min extreme interval value when n = 15, α = 0.95, a = 0, b = 1, and is . Thus, the min extreme interval value when n = 15, α = 0.95, a = 11, b = 21, and c = 20 is . Here is the proof that is the min extreme interval value:
In Table 6 the max extreme interval value when n = 15, α = 0.95, a = 0, b = 1, and is . Thus, the max extreme interval value when n = 15, α = 0.95, a = 11, b = 21, and c = 20 is . Here is the proof that is the max extreme interval value:
APPLICATION
A major project will commence once all four independent subprojects are completed. Estimates on the time to completion of each subproject are the following: the minimum time is 35 days, the maximum time is 47 days, and the most likely time is 45.8 days. Four teams are working on the subprojects (1 team per subproject). The chair of the major project wants to know the average time for the completion of the four subprojects. In addition, the chair wants to know the time with 95% probability that the major project can begin.
Let
where is the time when the major project can commence and is the completion time of subproject i. The max is needed since the major project cannot begin until the slowest of the subprojects is finished. Assume that follows a triangular distribution with parameters a = 35, b = 47, and c = 45.8.
In Table 6 the max expected value when n = 4, a = 0, b = 1, and is .
Then when n = 4, a = 35, b = 47, and c = 45.8. Thus, the average time is 45.2 days before the major project can commence.
In Table 6 the max extreme interval value when n = 4, α = 0.95, a = 0, b = 1, and is . Then when n = 4, α = 0.95, a = 35, b = 47, and c = 45.8. Thus, there is a 95% probability that the major project will begin in 46.6 days.
CONCLUSIONS
The min and max triangular extreme interval values and statistics are discussed. Tables displaying some of the min and max triangular values for different observation sizes and values of c are provided. It is shown how to find the min and max extreme interval values for different parameter values of a, b, and c. Finally, an application is presented. 
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